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Abstract. We show that the dual of the Cayley cone, associated to a Minkowski 
sum decomposition of a reflexive polytope, contains a reflexive polytope ad- 
mitting a nef-partition. This nef-partition corresponds to a Calabi-Yau com- 
plete intersection in a Gorenstein Fano toric variety degenerating to an ample 
Calabi-Yau hypersurface in another Fano toric variety. Using the Batyrev- 
Borisov mirror symmetry construction, we found the mirror contraction of a 
Calabi-Yau complete intersection to the mirror of the ample Calabi-Yau hy- 
persurface. 
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0. Introduction. 

Refexive polytopes were introduced by V. Batyrev in [B2]. These are lattice 
polytopes A in a real vector space M d with lattice points in Z d corresponding to 
monomials of the anticanonical degree on a Gorenstein Fano toric variety. Such 
polytopes are determined by the property that they have vertices at lattice points 
and have the origin in their interior with the dual polytope A* = {y € M. d \ 
(A, y) > — 1} satisfying the same property. This was the starting point for the 
Batyrev construction of a large class of mirror pairs of Calabi-Yau hypersurfaces in 
toric varieties in [B2]. 

A Gorenstein Fano toric variety associated to a reflexive polytope A can be 
defined as X A = Proj(C[<r n 1 d+1 ]), where a = K> • (A, 1) C M d+1 . It contains 
an affine torus T = (C*) d as a dense open subset which acts naturally on the toric 
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variety. A Calabi-Yau hypersurface Ya in a Gorenstcin Fano toric variety Ya can 
be viewed as the Zariski closure of a hypersurface 

meAnz d 

in the affinc torus (C*) d C Ya, where m = (mi, . . . , m<j) G Z d , a m e C and 
t rn = t™ 1 ■ ■ ■ t™ d for the coordinates ti, . . . , t<< on the torus. 

More generally, a nef Calabi-Yau complete intersection in a Gorenstcin Fano 
toric variety Xa corresponds to a Minkowski sum decomposition of the reflexive 
polytope A = Ao + Ai + • • • + Afe by lattice polytopes. The Calabi-Yau complete 
intersection Ya A fc is the closure of the affine complete intersection 

«^ m = 0, i = 0,...,k 

in (C*) d C Ya with generic coefficients aj iTO e C. A complete intersection in a toric 
variety is called nondegenerate if every intersection with a T-orbit is either transver- 
sal or empty. A generic nef Calabi-Yau complete intersection is nondegenerate by 
Lemma 4.3 in [Ml] and Proposition 6.8 in [D]. 

The mirror construction of Batyrev is a pair of families of nondegenerate Calabi- 
Yau hypersurfaces obtained as maximal projective crepant partial resolutions of Ya 
and Ya* • Generalizing the polar duality of reflexive polytopes, L. Borisov in [Bo] 
introduced the notion of nef-partition, which is a Minkowski sum decomposition 
of the reflexive polytope A = Ao + Ai + • • • + Afe by lattice polytopes such that 
the origin <G Aj for all i. A nef-partition has a dual nef-partition defined as the 
Minkowski sum decomposition of the reflexive polytope V = Vo + ■ ■ ■ + Vfe in the 
dual vector space with Vj determined by (Aj,Vj) > — for all < i,j < k, 
where dij is the Kronecker symbol. One of the basic properties of the nef-partitions 
is that A* = Conv(V , • • • , Vfe) and V* = Conv(A , . . . , Afe). The Batyrev-Borisov 
mirror symmetry construction is a pair of families of nondegenerate nef Calabi-Yau 
complete intersections obtained as maximal projective crepant partial resolutions 
of Y Ao ,...,A fc and Y Vo: ..., Vfc - 

A topological mirror symmetry test for compact n-dimcnsional Calabi-Yau man- 
ifolds V and V* is a symmetry of their Hodge numbers: h p ' q (V) = h n -P^{V*),0 < 
p,q < n. For singular varieties Hodge numbers must be replaced by the stringy 
Hodge numbers introduced by V. Batyrev in [B3]. The usual Hodge num- 
bers coincide with the stringy Hodge numbers for nonsingular Calabi-Yau varieties. 
Moreover, all crepant partial resolutions V of singular Calabi-Yau varieties V have 
the same stringy Hodge numbers: h p ± 9 (V) — h P l 9 (V). In [BBo3], Batyrev and 
Borisov show that the pair of Calabi-Yau complete intersections V = YA a ....,A k and 
V* = Yv ,...,v fc pass the mirror symmetry test. One of the main ingredients of their 
proof was the use of the Cayley trick which associates to a Calabi-Yau complete in- 
tersection YA 0l ...,A fe a generalized Calabi-Yau hypersurface in a higher dimensional 
Fano toric variety Proj(C[g- n Z d+fe+1 ]), where a = {(£i=o *»Ai, t , ■ . . , t k ) \ U € 
R> } C K d+fc+1 , called the Cayley cone associated to the polytopes A , . . . , A^. 

There are six different reflexive polytopes of dimension d + k associated to a 
Minkowski sum decomposition of a d-dimcnsional reflexive polytope A = Ao + 
Ai + • • • + Afe into k + 1 lattice polytopes. One of them, contained in the Cayley 
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cone a at an integral distance k + 1 from the origin, is isomorphic to 

k 



(k + l)Conv(A , Ai + ei, . . . , A fe + e k ) - ^ a 



(1) 



in R d+k ~ M d R fc where {ei, . . . , e fe } is the standard basis of M fe . The dual ct v of 
the Cayley cone also contains a reflexive polytope isomorphic to 



in R d+k ~ R d ©R fe , where {ej, . . . , e£} is the standard basis of M fe dual to {a, . . . , e k }. 
The reflexive polytopes (1) and (2) are not dual to each other, and their dual 
polytopes give another two reflexive polytopes. It turns out that while the poly- 
tope (1) may not admit a nef-partition (if A = A + Ai + • • • + Afe is not a 
nef-partition) , the reflexive polytope (2) always admits one: Vo + ■ ■ ■ + Vfe, where 
V = Conv({u-£i=i min < A i> u > e i | u e_A*}uK, . . . ,e*}), V, = V -e|, for i = 
1, . . . , k. The dual of this nef-partition is A + - • -+A fc , where Ai = Conv(A i +e i , 0), 
for i = . . . , k, and eo := — S»=i This reflexive polytope together with its dual 
Conv(Vo, . . . , Vfe) are the other two reflexive polytopes associated to a Minkowski 
sum decomposition of the reflexive polytope A. 

The dual of Vo + ■ ■ ■ + Vfe is the reflexive polytope Conv(A , . . . , Afe). The 
Gorenstein Fano toric variety Y^ oH whose fan consists of the cones over 

the proper faces of Conv(A , . . . , Afe), is the ambient space of deformations of the 
Gorenstein Fano toric variety Xa* in [M5]. In this paper, we show that the em- 
bedding Xa» -X"y j realizes the ample Calabi-Yau hypersurface Ya* a s a 

complete intersection in X^ g ^ which deforms to a nondegenerate Calabi-Yau 

complete intersection Y^ o ^ k corresponding to the nef-partition Vo + • • • + Vfe. 
The degeneration -p^ Ya* can be lifted to the degeneration of a maximal 

projective crepant partial resolution ^ of Y^ o to a partial resolution 

Y^» of Ya*. Taking maximal projective crepant partial resolution Y A '„ of Y A » 
we obtain a geometric transition (a contraction followed by smoothing) from a 
minimal Calabi-Yau hypersurface to a minimal Calabi-Yau complete intersection: 
- Y A » <— Ya', . According to a conjecture of D. Morrison in [Mo], every 

geometric transition between Calabi-Yau manifolds should correspond to a mir- 
ror geometric transition between the mirror partners of the original Calabi-Yau 
manifolds with the roles of degeneration and contraction reversed. In Section 5, 
we explicitly construct a natural contraction of a minimal Calabi-Yau complete 
intersection Y A A to a degenerate Calabi-Yau hypersurface Y A in a maximal 

projective crepant partial resolution of Xa- The smoothing of Y A to a nondegener- 
ate Calabi-Yau hypersurface Y A gives a geometric transition Y A Y A Y A A , 
which should be the mirror of the above one. We use the method of Batyrev in 
[Bl], [BvS] to support the mirror correspondence of geometric transitions by show- 
ing that the degeneration of the hypergeometric series arising from the main period 
of Calabi-Yau varieties coincides with the hypergeometric series of the maximal 
projective partial crepant resolution of the degenerate Calabi-Yau. These hyperge- 
ometric series determine the mirror map between the Kahler and complex moduli 
spaces (see [CK, Sec. 6.3.4]). 



(k + l)Conv <^ u 
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The construction of deformations of ample Calabi-Yau hypcrsurfaces and their 
partial resolutions are consistent with our conjecture in [M4] that all deformations of 
Calabi-Yau complete intersections (of dimension > 3) in toric varieties are Calabi- 
Yau complete intersections in higher dimensional toric varieties. An application of 
deformations of Gorenstein Fano toric varieties to deformations of nef Calabi-Yau 
complete intersections and a generalization of the above geometric transitions will 
appear in [M6] . These constructions together with the previously known geometric 
transitions between Calabi-Yau hypersurfaces in [BcKKl, Mo] give a strong evidence 
that the web of Calabi-Yau complete intersections in toric varieties can be connected 
by explicit geometric transitions. 

Here is an organization of our paper. In Section 1, we study properties of reflex- 
ive Gorenstein cones and explicitly describe the Cayley cone and its dual together 
with the reflexive polytopcs contained in theses cones. Then we briefly overview 
some basic notation and facts of toric geometry. Section 3 explains the relation 
of the Cayley trick and deformations of Fano toric varieties constructed in [M5], 
and Section 4 constructs deformations of Calabi-Yau hypersurfaces. Finally, in Sec- 
tion 5, we construct two geometric transitions described above, and then Section 6 
discusses degenerations of the main periods of Calabi-Yau complete intersections 
and Mirror Symmetry. 

Acknowledgment. We would like to thank Victor Batyrev for pointing out the 
reference [BN]. 

1. Combinatorics of reflexive polytopes and Gorenstein cones. 

In this section, we explicitly describe the reflexive polytopes arising from the 
construction of the Cayley cone associated to a Minkowski sum decomposition of a 
reflexive polytope in [BBol]. We show that the dual of the Cayley cone contains a 
reflexive polytope which admits a nef-partition introduced in [Bo] . 

Let iV be a lattice and M be its dual lattice with a paring (*,*): M x N — > Z. 

Definition 1.1. [B2] A lattice polytope A in Mr = M <E> R (i.e., its vertices are 
at the lattice points) is called a reflexive polytope if it contains in its interior and 
the dual polytope 

A* = {n e N R | (m,n) > -lVm e A} 

in the dual vector space Nr = N®R is also a lattice polytope. The pair A and A* 
is called a pair of dual reflexive polytopes and it satisfies A = (A*)*. 

Reflexive polytopes are related to the notion of reflexive Gorenstein cones from 
[BBol]. Let M and N be lattices which are dual to each other. Let a C Mr be a 
polyhedral cone with a vertex at 0. The dual cone of a is defined as 

er v = {n <G -/Vr | (to, n) > Vm G a}. 

Definition 1.2. [BBol] A maximal dimensional polyhedral cone a is called Goren- 
stein, if it is generated by finitely many lattice points contained in the affine hy- 
perplane {x G M | (x,n a ) = 1} for a unique n a € N . A Gorenstein cone a is 
called reflexive if both a and a v are Gorenstein cones, in which case they both have 
maximal dimension and uniquely determined n a ^ N and m^v g M, which take 
value 1 at the primitive lattice generators of the respective cones. The positive 
integer r = (to ct v is called the index of the reflexive Gorenstein cones a and 

CT V . 
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Denote au) := {x g a \ (x,n a ) = i}, the slice of the cone at an integral distance 
i from the origin. Since r = {m a v , n a ), the lattice points m<jv and n a lie in the 
interiors of <7( r ) = r ■ <7(i) and er^ = r • aY^, respectively. 

Proposition 1.3. [BBol, Pr. 2.11] Let a be a Gorenstein cone. Then a is a 
reflexive Gorenstein cone of index r if and only if the polytope o~< r \ — to ct v is a 
reflexive polytope with respect to the lattice M n = {x G M \ (x, n a ) = 0}. 

As noted in Remark 1.13 in [BN], the reflexive polytopes <7( r ) ~m a v and o~J r ^ — n a 
are combinatorially dual to each other, but not dual as lattice polytopes. In [BN, 
Proposition 1.15], the dual reflexive polytope (<7( r ) — m a v)* was obtained as crX-j 

with respect to the refined afHne lattice (N + ^Zn a ) fl {y £ A% | (m CT v ,y) = 1}. 
We will give an alternative description for the dual reflexive polytope. 

Proposition 1.4. Let a be a reflexive Gorenstein cone of index r. Then the dual 
polytope (cr( r ) — m a v)* = 7r((T^) with respect to the lattice N j7Ln a ~ Hom(M n 
njr,Z), where it : TVr — > N R /Rn a is the quotient homomorphism. 

Proof. Note that the vertices v of crY^ are in one-to-one correspondence with the 
facets F v := o~r r ) H v of the polytope a/ r > by the duality of the cones a and <r v . 
Then (F„ — m CT v,w^ = — 1 with respect to the pairing of M and N. Consequently 
(F„ — TOo-v , 7r(w)) = — 1 with respect to the pairing of M n njr and N/Zn a Hence, 
all vertices of the dual polytope (<7( r ) — to ct v)* in JV K /Rn a are of the form ir(v) for 
a vertex v of <r^. □ 

A special class of reflexive Gorenstein cones arises from a Calabi-Yau complete 
intersection in a Gorenstein Fano toric variety by a Cayley trick (see [BBol]). Let 
A be a reflexive polytope in Mr and A = A + Ai + • • • + be a Minkowski sum 
decomposition by lattice polytopes. By [BBol, Proposition 3.6], the cone 

o= | (^2tiAi,t Q , . . . ,t k ^ | U € M>o| C M K ®R fe+1 

is reflexive Gorenstein of index k + 1. This cone is called the Cayley cone associated 
to the polytopes A , . . . , A& . It can also be written as 

a = M> • Conv(A + r , Ai +n, . . . , A fe + r k ), 

where {ro, . . . , r k } C Z fe+1 C M ® Z fe+1 is the standard basis of the second sum- 
mand. A third way to write the Cayley cone is given in the following lemma. 

Lemma 1.5. There is equality of cones 

a = {(t ■ Conv(A ,Ai +e u ...,A k + e k ),t) \ t e K> }, 

induced by the isomorphism 

M®Z k+1 ~ M® Z k ® Z, (m,a ,...,afe) ^ (m, ai, . . . , a k , a H ha fc ), 

where {ei, . . . , e/c} is the standard basis for the second summand Z fc . 

The dual of the Cayley cone ct v can also be explicitly found. 
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Proposition 1.6. Let a C MR©R fc+1 be the Cayley cone associated to Ao, . . . , Afc. 
Then 

a v = R> • Convf I u- ^ min(Aj, u)r* | u G A* I U {r^, ...,r* k } 
^ ^ i=o ^ 

w/iere {ro, . . . , r* k } is the basis of Z k+1 cJVffi Z fc+1 dual to {r , . . . , r k }. 

Proof. We have u + Yli=o a i r t e ° ' u e ^ R anc ^ a^ G R if and only if 

(xj + rj, u + X^j=o a i r t) — f° r au x j ^ ^-ji 3 = 0, . . . , fc. But the last inequality 
is equivalent to a.,- > — (xj,u) for all Xj G Aj. Hence, aij > — min(Aj,w). Since 

is in the interior of A, min(A, u) < for u ^ 0, whence u + J2 i=0 ctir* — 

-min<A,«)(«' - Eto min ( A i^')<) +Eto^i- where «' = "SHfey e A * 
and /3j = a, + min(Aj, u) > 0. □ 

The following alternative view of the dual of the Cayley cone may also be useful. 
Lemma 1.7. There is equality of cones 

a' = j(t •Conv({M-^min(A l ,u)e* | u G A* } U {ej, . . . , e£}) , t) | t G R> J 

induced by the isomorphism 

N © Z fc+1 ~ TV © z fe © Z, (n, a , . . . , a fe ) ^ (n, an, . . . , a k , a H ha*), 

where {e^, . . . , e£} is the standard basis for the second summand Z fc . 

The above descriptions of the Cayley cone a, associated to a Minkowski sum 
decomposition of the reflexive polytope A = Ao + Ai + ■ ■ ■ + Afc, and of the dual 
cone ct v directly show that both cones are Gorenstein reflexive of index fe + 1 with 
the unique lattice points n s = t-q + r\ + • • • + r k and m s v = r + r\ + • • • + r k . Next, 
we want to explicitly describe the reflexive polytopes cf(fc+i) — m s v and ^(fc+i) — n s, 
and their dual polytopes, arising from Proposition 1.4. 

Consider the lattice M := M©Z fc and denote by {ei, . . . , e k } the standard basis 
for the second summand Z fc . Then N := N © Z fc is the dual to M lattice and set 
{el, . . . , e k } be the dual to {ei, . . . , e k } basis in Z fc . The following statements follow 
trivially from Propositions 1.4 and 1.6. 

Lemma 1.8. Let a C MR©R fe+1 be the Cayley cone associated to lattice polytopes 
A , . . . , Afe in Mr such that A = A + Ai + • • • + Afc is reflexive. Then 

k 

&(k+i) - m 9 v ~ (fc + l)Conv(A , Ai + ei, . . . , A fc + e k ) - y~] ej 

i=l 

induced by the isomorphism M(ln^ ~ M 7 (m, ao, . . . , afc) i-> (m, ai, . . . , afc), w/iere 
M := M © Z fc+1 and n s = £*1 r*. ,4feo 7 



fc 

7t(ct(i)) = Conv( A - ^ ej, Ai + ei, . . . , A fe + e fe 

»=i 



w/iere ir : M — > M/Zm s v ~ M, (m, a , . . . , afc) i->- (m, ai — a , . . . , a k — a ). 
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Lemma 1.9. Let a C Mr©IR ,c+1 be the Cayley cone associated to lattice polytopes 
Ao, . . . , Afc in Mr such that A = Aq + Ai + • • • + Afe is reflexive. Then 



k 



^("fc+i)-^ ~ (A: + l)ConvNM-^min{Ai,ii)e* | u e A*}u{e*, . . . , e* k } 

^ i=l 7 i=l 

under the isomorphism N (1 m^v — N, (n, ao, . . . , au) i-> (n, ai, . . . , ctk), where 
N:=N(S Z fe+1 , m ff v = E- = o rj . Abo, 

Tr(a v {1) ) = Conv^ju - min < A *> "X I « e A* J U {e*, . . . , e* k }J , 

w/iere 7r : N — > N/Zn s ~ TV, (n, a , . . . , a*,) h-> (n, ai — ao, • • • , a k — ceo), and 
P * — _ X^ k P * 

It is straightforward to check that the above natural isomorphisms Mflti^ M, 
N/Zn s ~ TV and iV n m^ v — iV, M/Zmg-v ~ M respect pairings. Hence, by 
combining the above lemmas with Proposition 1.4 we get two pairs of reflexive 
polytopes. 

Proposition 1.10. Let A be a reflexive polytope in Mr and A = A + Ai + 

• • • + Afe be a Minkowski sum decomposition by lattice polytopes in Mr. Denote 
A = Conv(A , Ai +ei, . . . , A fe + e k ), A 4 = A - m Mr, for i = 1, . . . ,k. Then 
A + • • • + Afe = (k + 1) A + e is a reflexive polytope in Mr = Mr © R fc wii/i i/ie 
dual reflexive polytope 

(A + • • • + A fe )* = Conv ^ ju - ^ min(A 2 , u)e* \ u e A* J U {ej, . . . , 

A> R = iV R © R fe , w/iere e = - E,Li e ^ e S = ~ Ei=i e *- 

Proposition 1.11. Lei A be a reflexive polytope in Mr and A = A + Ai + 

• • • + Afe be a Minkowski sum decomposition by lattice polytopes in Mr. Denote 
V = Conv({w - E -=i min(A 4 , u)e* \ u e A*} U {e*, . . . , e*}), V, = V - e* m JV K , 
/or i = 1, . . . , k. Then Vo + • • • + Vfe = (k + l)Vo + is a reflexive polytope in 
./Vr = Nr M fc wii/i ffte dual reflexive polytope 

(Vo + • • • + Vfe)* = Conv(A + e , Ai + ei, . . . , A fc + e fc ) 

m Mr = Mr © M fc , w/iere e = - EjU e ^ e S = - E;=i ej. 

It turns out that one of the reflexive polytopes in the above propositions always 
admits a nef-partition introduced in [Bo] . A nef-partition of a reflexive polytope A 
is a Minkowski sum decomposition A = A + • • • + Afe by lattice polytopes such 
that the origin G Ai for all i. If one defines the polytopes 

Vj- = {y G M d | (jc, ?y) > -J y Va: e A;, t = 0, . . . , k} 

for j = 0, . . . , k, then V = Vo + • • • + Vfe is a reflexive polytope and Vj are 
lattice polytopes with € Vj for all j. The nef-partitions A = A + • • • + Afe and 
V = Vo + -- -+ Vfc are called dual to each other. 

For convenience, we will introduce the following notation. For any two subsets 
P and Q of a real vector space we denote by PttlQ := Conv(PUQ), the convex hull 
of the union of P and Q. The operation l+l is clearly associative and commutative. 
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By Propositions 3.1 and 3.2 in [Bo], we have the following dualities. 

Proposition 1.12. [Bo] Let IS. be a reflexive polytope in Mr and let A = A + 

h Afc be a nef-partition and V = Vo + ■ • • + Vfe be the dual nef-partition in Nr. 

Then (A W ■ ■ ■ td A fe )* = V + • • • + V k and (V a • • • a V fc )* = A + • • • + A fe . 

Now, suppose A = Ao + Ai + ■ ■ ■ + Afe is a Minkowski sum decomposition 
of a reflexive polytope by lattice polytopes in Mr. By construction, we see that 
V + • • • + Vfe is a nef-partition even if A = A + • • • + A fe is not a nef-partition, 
since G V,, for i = 0, . . . , k, and the polytopes Vj are convex hulls of lattice 
points. It is not difficult to determine that the dual nef-partition is Ao + • • • + Afe, 
where Aj := Conv(Ai + e,, 0). In particular, we have 

Proposition 1.13. Let A be a reflexive polytope in M R and A = A + • • • + A k be 

a Minkowski sum decomposition by lattice polytopes in Mr. Then Vo + • • • + Vfe is 
a reflexive polytope in Nr — JVr K fe . Moreover, Vo + • • • + Vfe is a nef-partition 
dual to Ao + • • • + Afe and the following identities hold: 

(Vo W ■ ■ ■ W Vfe)* = A + • • • + Afe, (A W ■ ■ ■ W Afe)* = V + • • • + Vfe. 

One can easily find the lattice points in Ao a • • • a Afe and Vo a • • • a Vfe. Denote 
by L(P) and l(P) the set and the number of lattice points in a polytope P in a real 
vector space. 

Proposition 1.14. Let A be a reflexive polytope in Mr and A = A + • • • + Afe be 

a Minkowski sum decomposition by lattice polytopes in Mr. Then 

L(A a • • • a Afe) - {0} u Uto + a), *(A a • • • a A fc ) = 1 + Eto 

L(Vo) = {n-£Li min < A <>™> e * \ ne A*nN}U{el,...,e* k }, l(V ) = l(A*) + k, 
J(V a • • • a Vfe) = (k + l)l(A*) + k 2 . 

The reflexive polytope A a • • • a Afe arises from the construction of deformations 
of Gorenstein Fano toric varieties Xa* associated to the fan generated by the faces of 
A = Ao + • • • + Afe in [M5] . The deformations are realized by complete intersections 
in a higher dimensional Fano toric variety whose fan is generated by the faces of 
Ao a • • • a Afe. On the other hand, the reflexive polytope Ao + • • • + Afe arises from 
the Cayley trick: it corresponds to the dual of the canonical line bundle (or the 
anticanonical degree) on the projective space bundle associated to a Calabi-Yau 
complete intersection in the Fano toric variety whose fan is generated by the 
faces of A*. We will review these constructions in detail in Section 3. 

From Lemma 1.8, we can see that the reflexive polytopes A a • • • a A k and A + 
• • • + Afc must be the same up to a linear transformation and a change of the lattice. 
The same should hold for the dual reflexive polytopes. These transformations can 
be explicitly described as follows. 

Lemma 1.15. The homomorphism of lattices 

k k 

Lp : M ®Z k -> M ® Z fc , m + a » e * ^ ( k + l ) m + ^ a t(( k + l ) e i + e o), 

i=l i=l 

maps Ao a • • • a Afc onto Ao + • • • + Afe . 
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Lemma 1.16. The homomorphism of lattices 

k k 

V* : N © Z k -> N © Z fe , n + ^ a 4 e* (fc + l)n + ^ a 4 ((fc + l)e* + e$), 

i=l i=l 

maps (A H h A fe )* onto (A th) • • • W A fe )*. 

Finishing this section, we will look at what happens if A = A + • • • + Afe is 
a nef-partition. In this case the dual nef-partition V = Vo + • • • + Vfe satisfies 
(Ai,Vj) > — Sij for all < i,j < k, and the dual to A reflexive polytope is 
A* = Conv(V , • • • , V fc ) with V 4 n Vj = {0} for all Now if ^ u e V l n N, 
then —1 = min(A, u) = min(Ao, u) + • • • + min(Afe, u). Since (Aj,u) > for j ^ i 
and (Ai,u) > —1, we conclude that min(Aj, u) — for j ^ i and min(Aj,«) = — 1. 
Hence, by Proposition 1.6, we get 

5 V =K> -Conv(V +rS,...,V /£ +r£). 

Similarly, Vo = Conv(Vo, Vi + e*, . . . , Vfe + e* k ) = Vo- Applying Proposition 1.12, 
we get the following dualities for eight reflexive polytopes of dimension d + k cor- 
responding to a dual pair of nef-partitions of dimension d. 

Proposition 1.17. Let A be a reflexive polytope in Mr and let A = Aq + ■ ■ ■ + Afe 

be a nef-partition and V = Vo + • • • + Vfe be the dual nef-partition in Nr. Then 

(A W • • • a Afe)* = V + • • • + Vfe and (V a • • • a V fe )* = A + • • • + A k 
are nef-partitions respectively dual to 

(Vo W • • • a Vfe)* = A + • • • + Afe and (A a • • • a A fe )* = V + • ■ ■ + V fe . 

2. Some basics from toric geometry. 

This section will review some basic facts from [CI], [C2], [F] on toric geometry. 
See [D], [O] for additional references. 

Let Xy, be a d-dimensional toric variety associated with a finite rational poly- 
hedral fan £ in Nr. Denote by S(l) the finite set of the 1-dimensional cones p in 
£, which correspond to the torus invariant divisors D p in From the work of 
David Cox (see [CI]), every toric variety can be described as a categorical quotient 
of a Zariski open subset of an affine space by a subgroup of a torus. For simplic- 
ity, assume that the 1-dimcnsional cones E(l) span Nr. Consider the polynomial 
ring S(E) :— C[x p \ p e S(l)], called the homogeneous coordinate ring of the toric 
variety Xs, and the corresponding affinc space C E « = Spec{C[x p \ p e S(l)]). 
Let B = (Jlpgcr x p \ a G 'E) be the ideal in 5(H)] . This ideal determines a Zariski 
closed set V(£?) in C 5 ^ 1 ', which is invariant under the diagonal group action of the 
subgroup 

G = I (tip) e (C*) s(1) | Yl ^> = 1V U €mJ 

of the torus (C*) 5 ^ 1 ) on the affine space C S W, where v p denotes the primitive 
lattice generator of the 1-dimensional cone p. Then by Theorem 2.1 in [CI], the 
toric variety X% is the categorical quotient (C s ^ \Y(B))/G. This presentation is 
important because it allows us to work with closed subvarieties of the toric variety. 
In particular, a torus invariant divisor D p is given by the equation x p = 0. 
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The ring S(T,) is graded by the the Chow group 

Aj-i(^E)^Hom(G,C*), 

and deg(n peS( i) x p) = Epes(i) b P D p\ e Ai-i(A E ). For a torus invariant Weil 
divisor D = X)pes(i) b p D pi there is a one-to-one correspondence between the mono- 
mials of C[x p : p e E(l)] in the degree E P es(i) ^p-^p] e ^d-i(As) and the lattice 
points inside the polytope 

A D = {me M R \ (m,v p ) > -b p V p e E(l)} 

by associating to m e Ac the monomial ripesfi) x p" + ^ m '""^ = x " 1 Ilpes(i) x p P 
where x m will denote Ilpes(i) x p m,Vl ^ ■ If we denote the homogeneous degree of 
5(E) corresponding to /3 = [£)] e Ad-i{X^) by 5(2)^, then by Proposition 1.1 in 
[CI], we also have a natural isomorphism 

H°(X^O Xs (D))^S(^) . 

In particular, every hypersurface in As of degree (3 — X) P es(i) b P D p corresponds 
to a polynomial 

j2 a m n 4 p+{m ' vp) 

meA D nM pes(i) 
with the coefficients a m eC. 

Every lattice polytope A in Mr determines the Weil divisor 

Da = - mm (^^p)- D P 

on Xs. By Theorem 1.6 in [M2] we know that if D is a Cartier divisor on a compact 
toric variety As, then Ox s {D) is generated by global sections iff D is numerically 
effective (nef). In this case, by [F, p. 68], we get D = D\ D . Also, if for a lattice 
polytope A the divisor Da is nef, then Ad & = A. Additionally, this correspondence 
preserves sums: if Da 1 and Z?a 2 are ner then Dai+a 2 = -^Ai + Da 2 - Moreover, 
the following holds. 

Lemma 2.1. Let As be a compact toric variety associated to a fan E in Nr. 
Suppose Ai and A 2 are lattice polytopes in Mr then Da ± +a 2 * s a ne f divisor on 
As iff Da-l and Da 2 are ne f on As- 

Proof. If -Dai+a 2 is a ne f divisor on Xs then E is a refinement of the normal fan 
of Ai + A 2 . But since Ai is a Minkowski summand of Ai + A 2 , the normal fan 
of Ai + A 2 is a refinement of the normal fans of Aj, for i = 1, 2. Hence, E is a 
refinement of the normal fans of Ai and A 2 . This implies that £>Ai and Da 2 arc 
nef on As, if £>Ai+a 2 is a nef divisor on As- The other direction follows from the 
fact that the sum of nef divisors is nef. □ 

From Mori's theory we know that nef divisors correspond to contractions and 
for toric varieties this correspondence can be formulated as in Theorem 1.2 in [M3]. 

Theorem 2.2. Let [D] e Ad-i(X-z) be a nef divisor class on a compact toric 
variety As of dimension d. Then, there exists a unique compact toric variety Xs D 
with a surjective toric morphism tt : As — > As D such that tt* [Y] = [D] for some 
ample divisor Y on X-^ D . Moreover, dim As D = dim Ad, and the fan E^ = Ea^, 
the normal fan of polytope Ad, for a torus invariant D. 
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Finishing this section, we will recall an alternative way to describe projective 
toric varieties using the language of Gorenstein cones. Suppose that A is a lattice 
polytope in Mr such that its support function ipA = ~ min(A,_) is strictly convex 
with respect to the fan S. In this case, the divisor Da is ample and £ = £a is the 
normal fan of A. Consider the Gorenstein cone 

K = {(f A, t) | t e R> } C Mr 8 M. 

The projective toric variety X\ := X^, & can be represented as Proj(C[if n(M©Z)]). 
Moreover, if (3 e Ad-i(XA) is the class of the ample divisor Da = S P es A (i) b p D p , 
then there is a natural isomorphism of graded rings 

oo 

c[ifn(Mez)]~0s(s A ) V) (3) 

sending X {m ^ € C[X fl (M © Z)]j to U p€ ^ W x^ +{m ^ = x™ U P e^(i) 4 " ■ 
This correspondence allows to translate an equation of a hypersurface given by a 
polynomial in homogeneous coordinates 

j2 a m n x P b ^ m -^= a ^ m n x p p 

mSAHM pGEa(1) meAnM p£S A (l) 

into the homogeneous element X^meAnM "mx'" 1 ' 1 ' of the Gorenstein ring. 

3. CAYLEY TRICK AND DEFORMATIONS OF FANO TORIC VARIEITES. 

To describe the Cayley trick used in mirror symmetry by [BBol] we start with a 
Gorenstein Fano toric variety Xa '■= ^s A : whose (normal) fan Ea of the reflexive 
polytope A consists of the cones generated by the proper faces of the dual reflexive 
polytope A* in Nr. Consider a Minkowski sum decomposition A = Ao + • • • + Afe 
by lattice polytopes. The anticanonical divisor Da = X) P es A (i)^ ) p 011 tne Fano 
toric variety Xa is ample, and, in particular, nef. Applying Lemma 2.1, we get the 
nef divisors Da„, ■ ■ ■ , £>A fc on Xa- Given a collection of line bundles on a variety, 
the Cayley trick associates to it the projective space bundle. In our case we get the 
P fe -bundle P(£a ,...,aJ -> X A , where 

£a„,...,a» - O Xa (D A0 ) © • • • © XA (D Ak ). 

By [O, p. 58], we know that this bundle is a toric variety with its fan in Nr © R fc . 

Proposition 3.1. The torus invariant anticanonical divisor on F(£ A ,...,A k ) is big 
and nef and equals D~ , , . 

J H A H hA fc 

Proof. We only need to check that for the torus invariant anticanonical divisor Y 
of the toric variety P(f A ....,A fc ) there is equality of polytopes: Ay = Ao + --- + Afe 
in Mr © K fe . But this follows immediately from the fan description in [O, p. 58] 
and Proposition 1.10. □ 

By Theorem 2.2, for the nef divisor D-> -r- we get the contraction 

J ' A H hA fc b 



p(£a ,...,aJ x 



An 



which relates the projective bundle to the Fano toric variety. In the case, when 
the anticanonical divisor on P(£ A ,...,A fc ) is ample (i.e., the vector bundle £A ,...,A k 
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is ample) we get the equality P(£A ,...,A fe ) = ^a + +a ' ^ ne projective bun- 
dle P(^A ,...,A fe ) — > Xa can also be viewed as a contraction corresponding to the 

polytope A in Mr C Mr © M fe and its nef divisor on P(£a A fc )- 

The Fano toric varieties Xa and X<> , , -t- can also be described in the language 

Z\ H hAft ^ ^ 

of Gorenstein cones from [BBol]. Let a = {(tA, t) \ t e M> } C M R © R and 
CT=|^tiAi,to,...,tfc^ KeK>oj cM M ©R fe+1 . 

Then, by the correspondence at the end of Section 2 and Lemma 1.5, we have Xa = 
Proj(C[<7 n (M © Z)]) and = Proj(C[a n M]), where M = M © Z fc+1 . 

Inclusion of cones cr C ct via 

M R ffiM^M R ffiIR fe+1 , (m,r) (m,r,...,r), 

induces an injective homomorphism C[cr n (M © Z)] <^-> C[<7 n M] and a surjective 
morphism Spec(C[(T n M]) — > Spec(C[cr n (M © Z)]) of affine toric varieties. It also 
induces a rational map Proj(C[(rn M]) Proj(C[crn (M©Z)]) of projective toric 
varieties. This map coincides with the morphism P(£ A ,....A fc ) - > -^A, if ^A ....,A fc 
is an ample vector bundle. 

There is more story to the Cayley trick in associating a semiample hypersurface 
in the projective bundle to the nef Calabi-Yau complete intersection on Xa given 
by global sections of Ox & (Da ), ■ ■ ■ ,Ox A (DA k ), but we will not need this here. 

Now, let us show how the Cayley trick is related to deformations of Fano toric 
varieties. Consider the Fano toric variety Xa*, whose fan £a» in Mr consists of 
the cones generated by the proper faces of the reflexive polytope A = (A*)*. Take 
the same Minkowski sum decomposition A = Ao + • • • + A& as above. We have a 
natural inclusion of spaces Mr C Mr © R fc which induces the inclusion of polytopes 
A C (k + l)(Ao l+l • • • l+l Afc) and the map of fans over the proper faces of these 
polytopes. 

Theorem 3.2. [M5] Associated to the map of fan Xa* to £(A u--.uA fc )* ' ^ e ^°" c 
morphism Xa* — > ^fA w—wA k )* * s an embedding, whose image is a complete inter- 
section given by the equations 

n x p- n x p=°, 

v p eAi+a « p eAo + eo 

for i = l,...,k, where x p are the homogeneous coordinates of the toric variety 
-X"(a u— uA fc )* corresponding to the vertices v p of the polytope A l+l • • • W Afc. 

Let l(A*) denotes the number of lattice points in the reflexive polytope A*. 
By [M5], we have (kl(A*) — /c)-parameter embedded deformation family of Xa* in 
X (A n>-n>A k )* S iven b y the equations: 

L<-i+ \ hn x n -^u min{A - n)e A n Xp =o 

\ ne(A*nN)\{0} ) v p eA +ea 

for i = 1, . . . , k. 

The embedding Xa* ^(A a - aA fc )* can a ^ so be described in the language of 
Gorenstein cones. Let a and a be the same cones as above. Associated to the 
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inclusion of cones a C a, there is a projection <r v — > cr v induced by 

TV := TV © Z fe+1 TV © Z, (n, ao, ■ • ■ , «fc) h-> (n, a + ■ ■ ■ + a fe ) 
and the corresponding ring homomorphism 

c[ct v n TV] — ► c[(t v n (TV © z)], 

which is surjective by Lemma 2.2 in [M5]. Hence, we get the embedding 

Spec(C[cr v n (TV © Z)]) ^ Spcc(C[a v n TV]) 

of affine toric varieties. By (3) and Lemma 1.7, if /3 = dcg(J| t) e A +e ^p) = [^v ]> 
then 

i=0 DpGAo+eo 

Since Sy o = £(A w...wAji.)* by Proposition 1.13, we also get the embedding of 
projective toric varieties 

X A , = Proj(C[a v n (TV © Z)]) M- X^...^). = Proj(C[a v n TV]), 

where the image is a complete intersection given by \ ri — X r ° ; for i = 1, . . . , k. 

Then deformations of the Fano toric variety TV A * are Proj(C[cr v n TV]//), where 
the ideal J C C[ct v n TV] is generated by 

7ie(A*rw)\{o} 

for i = 1, . . . , fc, where {r^, . . . , r*} is the basis of Z fe+1 C TV_ffi Z fe+1 . 

The ambient toric variety -V(A tti - ttiA fc )* = Proj(C[er v n TV]) of the deformation 
of X<\* is related to the Fano toric variety JV-> , , -r- = Pro i (Oct n Ml) from 

Z\oH h^fc 

the Cay ley trick by the duality of the Gorenstein cones. Note that the reflexive 
polytopes associated to these toric varieties are not dual to each other, but a precise 
relation between them is described in Lemmas 1.15 and 1.16. 

We will conclude this section by considering the case when A = Ao + • • • + A& is 
a nef-partition in Mr and V = Vo + ■ ■ ■ + V& is the dual nef-partition in TVr. In this 
case, by Proposition 1.17, we get X ( A otM ... a A fc )* = X v +-+v, and X (v w-uv*)* = 
JVa + + ~ . The fan of the projective space bundle P(£vo,...,v fc ) is a refinement of 
the normal fan of Vo + ■ ■ ■ + Vfc, which is obtained by a subdivision of the faces of 
the reflexive polytope A tfcl • • • W A^ = (Vo + ■ ■ ■ + Vfe)*. Intersection of this fan 
with the linear subspace Mr C Mr © R fe gives a subdivision X/ A * of the normal fan 
Sa* of the polytope A*. 

By the the cmbcddings of toric varieties from [M5, Section 7] we have a commu- 
tative diagram: 

x^ At ^ P(£v ,..,vJ -+ x v 

Xa ' ^ X (A W-WA k r = X V + -+V k 
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Similarly, if £' v * is obtained by intersecting the fan of P(£A ,...,A fe ) with the sub- 
space Nr C Nr ® M fe , then 

X^, ^ P(5a ,...,aJ X A 
I I 

Xv ' ^ X (V W---MV fc )* = X Ao + ---+A fc ' 

4. Deformations of Calabi-Yau hypersurfaces in Fano toric varieties. 

In this section we show that deformations of Fano toric varieties induce defor- 
mations of Calabi-Yau hypersurfaces. The embedding of the ambient Fano toric 
variety realizes a Calabi-Yau hypersurface as a Calabi-Yau complete intersection 
in a higher dimensional Fano toric variety. The deformations of the resulting com- 
plete intersections are "polynomial" , corresponding to changing the coefficients at 
the monomials. As before, we assume for the rest that A is a reflexive polytope and 

A = A + Ai H h Afe is a Minkowski sum decomposition by lattice polytopes in 

Mr. 

Theorem 4.1. Let Y A , C X A , = Proj(C[<r v n (N © Z)]) be an ample Calabi-Yau 
hypersurface given by the equation 

£ anxc-^o, 

n£A*nN 

where a n € C. Then the image ofY A * by the embedding X A * -^(A a---aA fc )* = 
Proj(C[<r v CiN]) is a nef Calabi-Yau complete intersection given by the equations 

r* \ ^ n — V^ fc min(A 7 -, n)r* ~ r * r* r\ • t j 

aoX + £ a nX 3 3 = 0, x 4 - X = 0, t = 1, . . • , fc. 

ne(A*nw)\{o} 

Proof. We need to show that the kernel of the surjective Z-graded ring homomor- 
phism 

c[o- v n n] — > c[cr v n (y © z)]/(/), 

where / = EneA-nw^x'"' 1 ', is generated by 

f = aox ° + 2^ a nX 3 3 

ne(A*nJV)\{0} 

and x r ' 1 - X r °*, for i = 1, . . . , fc. By [A, pp. 162-163] or Lemma 2.2 in [M5], we 
already know that the kernel of the surjective ring homomorphism 

C[ct v n N] — ► C[a v n (N © Z)] 

is an ideal generated by the regular sequence \ Ti ~X r ° , for i = 1, . . . , fc. Therefore, it 
suffices to show that any preimage of / by this homorphism is in the ideal generated 
by / and x Ti — X r ° , for i = 1, . . . , fc. 

For n £ (A*nY)\{0}, the preimage of x*-™' 1 -* by the ring homomorphism induced 
by Yffi Z fc+1 — > NQ) Z, (n, ao, . . . , afe) i-> (n, ao H hat), is a linear combination 

of x n+ ^"=« a3r " 3 with J2j =0 &j = 1 and n + Ej=o a J r j e °' '■ But the last condition 
means min(n + J2j=o a j r j^i + r i) ^ 0) whence ai > — min(n, A;) for all I. Since 

1 = £ ctj > — £ min(n, Aj) = — min(n, £ Aj) = — min(n, A) = 1, 

3=0 3=0 J=0 
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we get aj — — min(n, Aj). It is also clear that a preimage of x^ ' 1 ^ coincides with 
X r ° modulo x Ti — X r ° , for i = 1, . . . , fc. □ 

Translating the above statement by the correspondence (3) into homogeneous 
coordinates we get: 

Theorem 4.2. Let Ya* C Ya* be a Calabi-Yau hypersurface given by the equation 

E a nX n ][ x P = 0, 
neA'nN pes A *(i) 

where a n € C. Then the image o/ Ya* under the embedding Ya* <-} ^(A i+)---i+)A fc )* 
is a nef Calabi- Yau complete intersection given by the equations 

e a nX n -^u^ A ^ u Xp =o, n *p- n *p=°> 

neA'nN v p £A + e VpEAi+e, v p eA +e 

fori = l,...,k. 

The ample Calabi-Yau hypersufacc Y A . C Ya* deforms to a generic nef Calabi- 
Yau complete intersection Y^ ^ fc in the Fano toric variety ^(A t±i...t±iA fe )* = 
Xy d h y fc corresponding to the nef-partition Vq + ■ ■ ■ + V^: 



(E "<•<•'•'' e a t , nX n - s ^-^U min{A - n) A n 

\j=l neA'nN / UpgAj+e, 



X p = 



for i = 0, . . . , k, where ai.j,ai^ n £ C are the coefficients, and 5i = 1, if i ^ 0, 
So = 0. (Note that the lattice points corresponding to the monomials are precisely 
the lattice points of the polytope Vj in Proposition 1.14.) 

5. Degenerations and mirror contractions of Calabi-Yau complete 

intersections. 

In the previous section, we obtained a deformation of an ample Calabi-Yau hy- 
persurface Ya* C Ya* in a Fano toric variety to a generic Calabi-Yau complete 
intersection in the Fano toric variety Equivalently, we have a degen- 
eration of a generic Calabi-Yau complete intersection in Xy^^ ^ to a generic 

Calabi-Yau hypersurface Ya* C Ya*. Let T,'- - be a maximal projective sub- 

VoH hVfc 

division of the normal fan of the reflexive polytope Vo + ■ ■ ■ + Vfc, and let £' A , be 
the fan obtained by intersecting the cones of H'~ - with the linear subspace 

Mr C Mr © R fe . Then we have a commutative diagram: 
Yk* C X E > ^ Y s , 

" a* v + .. + v fe 

Y A * C Y a * Y^ q+ ... + ^, 

where Y A * is a crepant partial resolution of the ample Calabi-Yau hypersurface 
Ya*. The hypersurface Y A » deforms to a Calabi-Yau complete intersection in 
Y S ' . Correspondingly, a generic Calabi-Yau complete intersection YX 

V H KV fc ' Vo,...,Vfe 

in Y S / degenerates to a generic Calabi-Yau hypersurface YL, in Y s > . 

v +---+v fe ' " a* 

Now, if F/ A » is a maximal projective subdivision of the normal fan of the reflexive 
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polytope A*, which refines the fan £ A * , then we obtain a geometric transition from 
a minimal Calabi-Yau hypersurface to a minimal Calabi-Yau complete intersection: 

Y$ oi ^ k ~>YL.i-YZ., (4) 

where Y£, is a maximal projective crepant partial resolution of the ample Calabi- 
Yau hypersurface Ya* C X\* . 

By Morrison's conjecture in [Mo], every geometric transition between Calabi-Yau 
manifolds should correspond to a mirror geometric transition between the mirror 
partners of the original Calabi-Yau manifolds with the roles of degeneration and 
contraction reversed. By the Batyrev-Borisov mirror symmetry construction in 
[B2] and [BBol] we know that the mirror of the Calabi-Yau hypersurface Y^, is 
a nondegenerate Calabi-Yau hypersurface in a maximal projective crepant partial 
resolution of the Fano toric variety X\ and the mirror of the Calabi-Yau complete 
intersection Y^ ^ is a nondegenerate Calabi-Yau complete intersection in a 

maximal projective crepant partial resolution of the Fano toric variety X^ ^ hA fc ' 

corresponding to the nef-partition A + • • • + Afe dual to Vo + • • • + V fe . We will 
explicitly construct a natural geometric transition between the mirror Calabi-Yau 
varieties, which we expect to be the mirror of (4). 

By Proposition 1.13, the dual of the reflexive polytope A H h Afe is the convex 

hull Vo fcd • • • W Vfe . By the construction, the image of Vo W • • • l±J Vfe under the natural 
projection = © R k — > A^r is the reflexive polytope A*. It is not difficult to 
see that a subdivision of the normal fan of A lifts to a subdivision E' x x of 

A H hA fc 

the normal fan of A + • • • + Afe . Without loss of generality, we can assume that 
- is a maximal projective subdivision of the normal fan of A + • • • + Afe 

AoH hAfc 

which maps to a maximal projective subdivision E A of the normal fan of A under 

the projection Ar — >• Ar. Hence, we get a toric morphism — > X^> ■ The 

Ao+ "' +Afc . A . 

next result explicitly finds the image under this morphism of a generic Calabi-Yau 
complete intersection Y' x x in Xr> corresponding to the nef-partition 

A ....,A fc A H hA fc 

A + ••• + Afe. 

Theorem 5.1. LetY- x C X^' be a Calabi-Yau complete intersection 

Ao,...,Afc AqH KA fc 

given by the equations 

1- Yl a mX m+ A I] X P = °> * = 0,...,fe. 

where a m G C. Then the image ofY'- - under the contraction X& — > 

A ,...,A fc AqH KA fc 

is a nef Calabi- Yau hypersurface given by the equation 

( i - n( e a ^ m )) n x p=°- ( 5 ) 

Proof. Note that the intersection of the Calabi-Yau complete intersection Y~^ ^ 
with the dense affine torus T = Spcc(C[M Z fe ]) is a complete intersection given 
by the equations 1 — J2 m eA nM a mX m+ei = 0, for i = 0, . . . , fc. We can find the 
image of Y~ r as the closure of the image of the affine complete intersection 
by the projection of tori Spec(C[M © Z fc ]) -> Spec(C[M]) induced by the injective 
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lattice homomorphism M C M © Z . By eliminating \ ei ■> f° r * = 1, and 
X e " = rii=i X~ 6i from the above equations we get the equation 

k 

1-TT1 >; «™x m i=o 




of the image in the affine torus Spec(C[M]). The Zariski closure of this affine hyper- 
surface is the nef Calabi-Yau hypersurface given by the equation (5) in homogeneous 
coordinates of Xt, 1 ■ □ 

A 

Denote by the nef Calabi-Yau hypersurface in X^i given by the equation 
(5). Notice that such a hypersurface is not generic. The geometric transition from 
a generic Calabi-Yau complete intersection ^ C Xjv x is completed 



A + ...+A fe 



by a smoothing of Y A to a nondegenerate Calabi-Yau hypersurface Y£ in : 

Y^Y^Y^_ Ak , (6) 

As in [Mo], we expect that the natural geometric transitions (4) and (6) are 
mirror to each other, which can be explained by a natural mirror map between the 
complex and Kahlcr moduli spaces. In particular, the degeneration Yt - ~* 

Vo,...,Vfc 

YX » and the mirror contraction Y~ x — > YL should correspond to certain parts 

" A ,...,A fc " 

of the respective compactified complex and Kahlcr moduli spaces of the mirror pair 
of Calabi-Yau complete intersections Yi - and Y'~ - . 

6. Degenerations of the main periods and hypergeometric series. 

We will support the mirror correspondence of the geometric transitions by show- 
ing that the degeneration of the main periods (determining the mirror map) for 
Calabi-Yau complete intersection Y^ ^ and the hypersurface Y A ' coincide with 
the main periods of the minimal Calabi-Yau Yil, and Y'~ - , respectively. 

^ Ao,....Afc 

First, we recall the definition of the main period for the nondegenerate Calabi- 
Yau hypersurface Y£ from [Bl] (also, see [CK, Sec. 6.3.4]. Fix an integer basis 

u\,...,Ud for the lattice M. Then tj = Ilpes^(i) ^'^"K f° r 3 — 1, are 
the coordinates on the dense torus Tjv = Spec(C[M]) = N (g>z C* C Y s ^. Let 
/a = 1 — Eme9AnM b m t m be the Laurent polynomial determining the hypersurface 
Y£ n T^, and let 7 C IV be the cycle defined by \t\\ = ■ ■ ■ = \td\ = 1, then the 
main period for Y A ' equals the Euler integral 

1 [ 1 dh dt d 

where (3 = (b m ) e C^ A ) _1 . The function is called hypergeometric since it 

satisfies the GKZ hypergeometric system of differential equations (see [Bl, Theorem 
14.2]). It can be found as a power series expansion in the variables b m : 

(£L a m£3AnM m€9AnM m ' 

where L A = {(l m )medAnM \ 12 m edAnM l ™ m = e ^>oVm}. It can also 

be written in terms of the local coordinates on the complex moduli of Y£ at a 
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maximally unipotent boundary point (see [BvS, CK]). As Y A degenerates to Y A 
the hypergeometric function <& Y " (/?) will degenerate to the Euler integral 



dt\ dtd 
— A ■■ ■ A — . 
7 <7a ii t d 



where <?a — 1 — IliLoEmeAnM a mt m ) determines the hypersurface Y A n T/v, and 
a = (a m ) e C'< A °) x • • • x C^ A "). Similar to [Bl, Ex. 14.5], substituting 



k 

u rn b 



^ oo k / 

into the above integral and applying the Cauchy residue theorem gives 

E ft( E U! n % ( 7 ) 

where 

L Ao,...,A fc = \( l m) I J! E l mm = 0, ^ Z m = ^ ZmVil 

i=0 mEA.nM meA^nM mGA nM J 

is a subsemigroup of Z> A °' ) © • • • Z> Afc '. But (7) is precisely the hypergeomet- 
ric series in [BvS, Def. 6.1.1, Pr. 6.1.4] for the Calabi-Yau complete intersection 
^Ar A §i ven by the Euler integral 

, , s 1 f 1 dh dt d+k 

where ii, . . . ,td, td+i, • • • , id+fc are the coordinates on the torus = Spec(C[M]) 
corresponding to the lattice basis {ui, . . . , Ud, ei, . . . , e^} of M — M® Z fe , the cycle 
7 is given by \tj\ = 1 for j = 1, . . . , <i + k, and 

fc 

/Ao = 1 - E a ™t m T[tdlv /A ( = l- E «™^+- < = I,---,*:, 

meA nM i=l m£A,nM 

determine the affine complete intersection A nT^. The series and 

$yv (a) are invariant under the natural torus action IV on the space of Laurent 
polynomials in the variables tj and can be expressed in the local coordinates on the 
complex moduli of Y A as in [CK, Sec. 6.3.4] Therefore, the main period $y»(/3) of a 
minimal Calabi-Yau hypersurface Y A degenerates to the main period <& Y t - ( a ) 

A ,...,A fe 

of a minimal Calabi-Yau complete intersection Y~- ^ as Y A ~-+ Y A . The main 
period $y (a) determines the mirror map between the complex moduli of 

Y'~ ~ and the Kahlcr moduli of the mirror partner Y'~ ~ , which allows 

A ,...,A k v V ,...,V fc ' 

to compute the instanton numbers of rational curves in the latest Calabi-Yau as 
explained in [CK]. 
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Similarly to the above, let us consider the main period for the Calabi-Yau com- 
plete intersection YJ- ^ : 

1 Vo,...,V fc 

k 

^ ( \ — \ f TT ai,i ^ 1 A a dtd+k 

where the coordinates on the torus T^g = Spec (C [TV]) corresponding to the dual 
basis {u*, . . . , u^, e*, . . . , e* k } of TV are denoted by t\, . . . , i^+fc again (abusing nota- 
tion), and 

(fe fe \ 

a 4 ,o + a idtd+j + ai ^ n II *d+T n<Aj ' * = 0, . . . , fe, 

j=l 7i6dA*rW j=l / 

(with td+i = 1 if i = 0) determine the affine complete intersection Y"^ ^ n , 
and a — (o*,*) G C( fe+1 '^ A *) +fe ). Rewriting a hi / as a series 

oo / fe \ s 

Ef \ " a i,j +-1 . , V - ^ Oyi 1 n TT -min(Aj,n) \ 

(here j / i means j € {0,...,fe}\{i}) and applying the Cauchy residue formula 
similar to [Bl, Ex. 14.5] gives 

♦w>>- e n^n^ n 

v ,...,v fc 

where = Y^j^ihj + J2 n edA* l i,n, and ^v v fe consists of vectors (/*,*) e 

(fe + l)( i( A«) + fe-l) guch that 



J >0 



Sfe^j(*je;-5ieJ)+ ^ ?„Yn-,5 l e*-^min(A,,n)e* H 

i=0\«j ne.9A* ^ i=l '/ 



0. 



where Sj = 1 if j ^ and <5o = 0. From Theorem 4.2, degeneration ^ 

corresponds to setting ao.o = o-o, ao.j = 0, ao <n = a n , dij = 1, a^o = — 1 
a^j = 1, aifi = —1, a^j = 0, a, jn = for 1 < i, j < k, i ^ j, and n e <9A* n iV. 
Coefficients a*,* = force the vanishing of the terms in the series <K ^ (a) 
unless the corresponding * equals zero. Hence, the nonvanishing terms in the 
series correspond to l = J2 n edA*nN l o,n, U = h,o, for i = 1, . . . , fc, and 

/ k \ k 

l o,n(n-^2mm(A j ,n)e*) + ^2k.o(-e*) = 0, 

jie9A*niv ^ j=i ' i=i 

and the series $ . - (a) degenerates to 

Z^lll(_i)i 4 i i0 \ (-ao) l ° 11 i J ^ (-oo)'° 11 in!' 
where 

La* = l(ln)nedA'nN \ I„I! = C^j 1 1 , Z = X! 

' neaA*nAr ' nedA*nN 
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But the last series is the hypcrgeometric series corresponding to the main period 
of Calabi-Yau hypersurface Y A '» at the maximally unipotent boundary point (see 
[Bl, CK]). Thus, we showed that the main period <£>^ ^ (a) of a minimal Calabi- 
Yau complete intersection Yt ^ degenerates to the main period $y<(aio) of a 
minimal Calabi-Yau hypersurface Y^, as v w ^* ' 

There is more work to be done in computing the mirror map itself from the main 
periods of Calabi-Yau, but we will finish this paper by explaining the expected 
relationship of the complex and Kahler moduli of the Calabi-Yau varieties involved 
in our geometric transitions. For definitions and notation we refer to the book [CK]. 

A minimal Calabi-Yau variety V has a Kahler cone K(V), a complexified Kahler 
space 

K C (V) = {uje H 2 (V,C) | Im(w) G K(V)}/imH 2 (V, Z), 

and the complexified Kahler moduli space JC(V) = Kc(V) / Aut(V) . For a non- 
degenerate Calabi-Yau complete intersection V in a maximal projective partial 
crepant resolution X-£ of a Gorenstein Fano toric variety, one considers a toric part 
of the Kahler cone K(V) tolic = K(V) n H 2 oric (V), where H 2 olic (V) is the image of 
the restriction map H 2 (X^) — > H 2 (V), and the corresponding toric Kahler moduli 
space /C(V) t0 ric- 

On the complex side, one also considers a part of the complex moduli space of 
a Calabi-Yau complete intersection V C X-£. Let V be the closure of the affinc 
complete intersection 

a iim t m = 0, i = 0,...,k 

meAinz d 

in (C*) d C As, where A = A + • • • + A^ is a Minkowski sum decomposition of a 
reflexive polytope. Then the polynomial moduli space of the complete intersection 
V can be constructed similar to [BC, Sect. 13] as a geometric quotient M(V) po \ y = 
J7/Aut(X s ), where U is an open subset in P(i(AinZ d )) x • • • x P(L(A fc nZ d )) corre- 
sponding to a subset of the set of quasismooth complete intersections (see [Ml]) with 
L(Ai n Z d ) denoting the vector space of Laurent polynomials J2meA -nz d a i,mt m - 

In practice, one replaces the toric Kahler moduli space and the polynomial mod- 
uli space of a Calabi-Yau intersection V with suitable compactifications realized as 
toric varieties associated with a secondary fan (see [CK]). We will denote them by 
/C(V)toric and M(V) po i y , respectively. 

The geometric transitions Yi - ~» F A * <~ Y A* and Y A ^ Y k <~ Y k A 
induce inclusions 

AfOl'Opoiy c M( Y i , ...,v,)p°iy ^Olo,..,A fc )poiy c M( Y k\oly, 
corresponding to degenerations on the complex side, and inclusions 

^■( Y ^ V fc ) toric *- ^'(^ / A*)toric, A^(F A ')toric C ^(^Ao .. . . , A fc ) toric ' 

corresponding to contractions on the Kahler side. These should fit into the following 
commutative diagrams: 

M{Y£. ) po iy c M(Y^ ^) poly AT(il 0; ... iAfc )poi y c WAOpoiy 

4* 4* 4* 4" 

toric, /C(Y^ ^)toric C fC(Y^, )torio 



DEGENERATIONS AND MIRROR CONTRACTIONS 



21 



where the vertical arrows are the mirror morphisms between the complex and 
Kahler moduli spaces. Moreover, the degenerations of the main periods of Calabi- 
Yau varieties (calculated above) should induce degenerations of the mirror mor- 
phisms between the ambient moduli to the mirror morphisms of the enclosed mod- 
uli. The inclusions of the moduli can be described explicitly in terms of the inclu- 
sions of the respective secondary fans. 
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